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ABSTRACT. We construct a general solution for a system of linear equations
corresponding to the system of main constraints for a broad class of generalized
non-homogeneous network flow programming problems.

1. INTRODUCTION

Let S = (I,U) be a finite oriented connected network without multiple arcs
and loops, where I is a set of nodes and U is a set of arcs, U C I x I(|I] < oo, |U| <
00) . Let K (|K| < o0) be a set of different types of flow transported through the
network S. We assume that K = {1,...,|K]|}. Let us denote a connected network
corresponding to a certain type of flow k € K with S*¥ = (I* U*), I* C I,U* =
{(3,§)* : (i,5) € UF},UF C U - a set of arcs of the network S carrying the flow
of type k. Also, we define sets K(i) = {k € K : i € I*} and K(i,j) = {k €
K : (i,5)% € U*} of types of flow transported through a node i € I and an arc
(i,7) € U respectively. Let us introduce a subset Uy of the set U, and let Ky(i,7) C
K(i,7),(i,j) € Up be an arbitrary subset of K (7, 7) such that |Ko(i,7)| > 1.

Consider the following linear underdetermined system

(1.1) Z :z:fjf Z ﬂ?iz:?i:af, iclI" keK,
JELIF (U¥) JEI; (UF)

(12) Z Z )‘prfg =Qp, p= 17qa

(i,5)€U ke K (i,5)

(1.3) Z xjy =z, (i,4) € Uo,
k€ Ko (i.5)
where I;/(U*) = {j € I¥ : (i,5)* € U*} , I, (U*) = {j € I* : (,i)F € U*};
af,/\ff,ap,zij € R,,ufj > 0 - parameters of the system; x = (xfj, (i,7)F e UF k €
K)- vector of unknowns. We assume that Z || 4+ q + |Uo| < Z |U*| and rank
keK keK
of the system (1.1) - (1.3) is equal to Z |T¥| 4+ ¢+ |Uy|. Further, we will call (1.1)

keK
the network part, and (1.2) - (1.3) - the additional part, of the system (1.1) - (1.3).

2. SOLUTION OF THE NETWORK PART OF THE SYSTEM

We split the solution of the system (1.1) into solutions of | K| systems corre-
sponding to a fixed k € K.
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Let Uy, = {UF CU* k € K} be a support of the network S = (I,U) for system

(1.1) [1, 2]. Recall, a cycle L* C S* is called non-singular [1, 3] if H ij #*
(i.4)keLr+

H ufj, where LFt, L*~ - sets of forward and backward arcs respectively.
(t,5)FeLk~
Theorem 1. (Network support criterion.) The set U, = {UF,k € K} is a support
of the network S = (I,U) for system (1.1) iff for each k € K the network S§ =
(I*,U¥) is a union S¥ = U SE of connectivity components S¥* = (I(UFY), UF"),

t

each containing a unique non-singular cycle, U’LC = U Uf’t, I* = U I(Uf’t).
t t
Let us introduce a characterictic vector 6% (7, p) = (6}5(7, p), (4, §)* € U*), where

k € K is fixed, entailed by an arc (7, p)¥ € U*\ UF with respect to the support UF,
as a solution vector of the following system:

(21) Z 65](7—7 p) - Z M?léfZ(T? p) = 07 1€ Ik7 B‘rlip = Uf U (T? p)ka
JEIF (BE) JEI; (BE,)

(2.2) 35(1.0) = 1,655(m,p) =0, (i,/)" € UM\ (UL U (7, p)").

The system of characteristic vectors, entailed by (all) different arcs (7, p)* €
Uk\U f is a basis of a solution space of the homogeneous system corresponding
to (1.1), where k € K is fixed. Thus, for a fixed k € K,we represent solutions of
the system (1.1) as a sum of a general solution of the corresponding homogeneous
system and a partial solution of (1.1):

(2.3)
:Efj = Z x’ﬁpéfj(ﬂ p) + :ifj — Z ifp(Sfj(T, 0) ,(Lj)k € Uf;
(T.p)PeUR\UE (T.p)REUR\UE
fﬁp €R, (7‘, p)k € Uk \ Uf,
where ¥ = (ifj, (i,5)* € U*) is a partial solution of the system (1.1) for a fixed

k € K; 2% are independent variables corresponding to arcs (7, p)* € U \ U}.

3. DECOMPOSITION OF THE SYSTEM

We define a set Up = {Ur C UM\UE k € K},|Ug| = q + |Ug| of bicyclic
arcs by selecting g + |Up| arbitrary arcs from the sets UX\U¥, k € K. We denote
Uy = {Uk.k € K}, UY = UN\(UFJUK), k € K. Thus, UF = UF U UL U UE,
where UF, Uk, U¥ are non-intersecting subsets of arcs.

Let us choose the partial solution of (1.1), for a fixed k € K, such that i’jp =0,
(1,p)* € UF\UE. Substitution of the general solution (2.3), with a partial solu-
tion of the form described above, for each k € K, into (1.2) and (1.3) leads to
the following system for finding the unknowns zp = (:r’ﬁp, (r,p)F € Uk, k € K),
ordered according to an arbitrary numbering t = t(7, p)*, (1,p)* € Uk, k € K,t €
{1,2,...,|Ugl}:
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(3.1) DJJB = ﬂ,
where D = (B!, Dy = (A%, p = Tq,t(r.p)* = 1, U), Dz = (355(B%,),€(0.) =
L0040 ) = L0806 = (B = To Bysetiny: (i) € Vo) 5€ = €(ir5) s
number of an arc (3, ) Uo, £ €{1,2,...,|Upl}.
Here,
(3:2) N =N5+ D0 AJay(rp), (7.p)" € UMUL,
(i,5)€UE
(3.3)
55(7’,;?)7]6 € KO(Za])
5i;(BE,) = ,(1,7) € Ug, (1, p)F € UF\UF  k € K,
Oak ¢ KO(ZLj)
(3.4) B=A7 =% S Abmak p-Tq,
KEK (r.p)keUk
(3.5) Bave(ing) = Aij — Z Z 8i;(BE,)ak,. (i,j) € Uo,

keK (r,p)keUy

(3.6) AP =a, =Y > APEE p=T.4,

keK (1, J)kEUk

(3.7) Aij = zi5 — Z 25, (6,5) € U
keKo(i,7),
(i.5) €U

Finally, letting D™ = (v,6;1,8 = 1,|Ug|), using (2.3) and (3.1), as well as
formulas (3.2)-(3.7), we can determine the general solution of (1.1) - (1.3):
q

e, = vt Y VigrepBereig t = o), (r.p)F € UL k€ K,

(4,5)€Uo
x?j = Z $§p6i€](7',p) +wf] +£fj7 (Z?J)k € Ufa ke Ka
(T,p)* €U
xkp eR, (7, p)k € Ujlih Z = Z xﬁp(szkj(ﬂ p).
(r.p)k €U
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