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Abstract. We construct a general solution for a system of linear equations
corresponding to the system of main constraints for a broad class of generalized

non-homogeneous network flow programming problems.

1. Introduction

Let S = (I, U) be a finite oriented connected network without multiple arcs
and loops, where I is a set of nodes and U is a set of arcs, U ⊂ I×I(|I| <∞, |U | <
∞) . Let K (|K| < ∞) be a set of different types of flow transported through the
network S. We assume that K = {1, . . . , |K|}. Let us denote a connected network
corresponding to a certain type of flow k ∈ K with Sk = (Ik, Uk), Ik ⊆ I, Uk =
{(i, j)k : (i, j) ∈ Ũk}, Ũk ⊆ U - a set of arcs of the network S carrying the flow
of type k. Also, we define sets K(i) = {k ∈ K : i ∈ Ik} and K(i, j) = {k ∈
K : (i, j)k ∈ Uk} of types of flow transported through a node i ∈ I and an arc
(i, j) ∈ U respectively. Let us introduce a subset U0 of the set U , and let K0(i, j) ⊆
K(i, j), (i, j) ∈ U0 be an arbitrary subset of K(i, j) such that |K0(i, j)| > 1.

Consider the following linear underdetermined system

(1.1)
∑

j∈I+
i (Uk)

xk
ij −

∑
j∈I−i (Uk)

µk
jix

k
ji = ak

i , i ∈ Ik, k ∈ K,

(1.2)
∑

(i,j)∈U

∑
k∈K(i,j)

λkp
ij x

k
ij = αp, p = 1, q,

(1.3)
∑

k∈K0(i,j)

xk
ij = zij , (i, j) ∈ U0,

where I+
i (Uk) = {j ∈ Ik : (i, j)k ∈ Uk} , I−i (Uk) = {j ∈ Ik : (j, i)k ∈ Uk};

ak
i , λ

kp
ij , αp, zij ∈ R, µk

ij > 0 - parameters of the system; x = (xk
ij , (i, j)

k ∈ Uk, k ∈
K)- vector of unknowns. We assume that

∑
k∈K

|Ik|+ q + |U0| <
∑
k∈K

|Uk| and rank

of the system (1.1) - (1.3) is equal to
∑
k∈K

|Ik|+ q+ |U0|. Further, we will call (1.1)

the network part, and (1.2) - (1.3) - the additional part, of the system (1.1) - (1.3).

2. Solution of the network part of the system

We split the solution of the system (1.1) into solutions of |K| systems corre-
sponding to a fixed k ∈ K.
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Let UL = {Uk
L ⊆ Uk, k ∈ K} be a support of the network S = (I, U) for system

(1.1) [1, 2]. Recall, a cycle Lk ⊆ Sk is called non-singular [1, 3] if
∏

(i,j)k∈Lk+

µk
ij 6=∏

(i,j)k∈Lk−

µk
ij , where Lk+, Lk− - sets of forward and backward arcs respectively.

Theorem 1. (Network support criterion.) The set UL = {Uk
L, k ∈ K} is a support

of the network S = (I, U) for system (1.1) iff for each k ∈ K the network Sk
L =

(Ik, Uk
L) is a union Sk

L =
⋃
t

Sk,t
L of connectivity components Sk,t

L = (I(Uk,t
L ), Uk,t

L ),

each containing a unique non-singular cycle, Uk
L =

⋃
t

Uk,t
L , Ik =

⋃
t

I(Uk,t
L ).

Let us introduce a characterictic vector δk(τ, ρ) = (δk
ij(τ, ρ), (i, j)

k ∈ Uk), where
k ∈ K is fixed, entailed by an arc (τ, ρ)k ∈ Uk \Uk

L with respect to the support Uk
L,

as a solution vector of the following system:

(2.1)
∑

j∈I+
i (Bk

τρ)

δk
ij(τ, ρ)−

∑
j∈I−i (Bk

τρ)

µk
jiδ

k
ji(τ, ρ) = 0, i ∈ Ik, Bk

τρ = Uk
L ∪ (τ, ρ)k,

(2.2) δk
τρ(τ, ρ) = 1, δk

ij(τ, ρ) = 0, (i, j)k ∈ Uk \ (Uk
L ∪ (τ, ρ)k).

The system of characteristic vectors, entailed by (all) different arcs (τ, ρ)k ∈
Uk \ Uk

L is a basis of a solution space of the homogeneous system corresponding
to (1.1), where k ∈ K is fixed. Thus, for a fixed k ∈ K,we represent solutions of
the system (1.1) as a sum of a general solution of the corresponding homogeneous
system and a partial solution of (1.1):

xk
ij =

∑
(τ,ρ)k∈Uk\Uk

L

xk
τρδ

k
ij(τ, ρ) +

x̃k
ij −

∑
(τ,ρ)k∈Uk\Uk

L

x̃k
τρδ

k
ij(τ, ρ)

 , (i, j)k ∈ Uk
L;

(2.3)

xk
τρ ∈ R, (τ, ρ)k ∈ Uk \ Uk

L,

where x̃k = (x̃k
ij , (i, j)

k ∈ Uk) is a partial solution of the system (1.1) for a fixed
k ∈ K; xk

τρ are independent variables corresponding to arcs (τ, ρ)k ∈ Uk \ Uk
L.

3. Decomposition of the system

We define a set UB = {Uk
B ⊆ Uk\Uk

L, k ∈ K}, |UB | = q + |U0| of bicyclic
arcs by selecting q + |U0| arbitrary arcs from the sets Uk\Uk

L, k ∈ K. We denote
UN = {Uk

N , k ∈ K}, Uk
N = Uk\(Uk

L

⋃
Uk

B), k ∈ K. Thus, Uk = Uk
L ∪ Uk

B ∪ Uk
N ,

where Uk
L, U

k
B , U

k
N are non-intersecting subsets of arcs.

Let us choose the partial solution of (1.1), for a fixed k ∈ K, such that x̃k
τρ = 0,

(τ, ρ)k ∈ Uk\Uk
L. Substitution of the general solution (2.3), with a partial solu-

tion of the form described above, for each k ∈ K, into (1.2) and (1.3) leads to
the following system for finding the unknowns xB = (xk

τρ, (τ, ρ)
k ∈ Uk

B , k ∈ K),
ordered according to an arbitrary numbering t = t(τ, ρ)k, (τ, ρ)k ∈ Uk

B , k ∈ K, t ∈
{1, 2, . . . , |UB |}:
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(3.1) DxB = β,

where D =
(

D1
D2

)
, D1 = (Λkp

τρ, p = 1, q, t(τ, ρ)k = 1, |UB |), D2 = (δij(Bk
τρ), ξ(i, j) =

1, |U0|, t(τ, ρ)k = 1, |UB |), β
′

=
(
βp, p = 1, q;βq+ξ(i,j), (i, j) ∈ U0

)′
; ξ = ξ(i, j) is a

number of an arc (i, j) ∈ U0, ξ ∈ {1, 2, . . . , |U0|}.
Here,

(3.2) Λkp
τρ = λkp

τρ +
∑

(i,j)k∈Uk
L

λkp
ij δ

k
ij(τ, ρ), (τ, ρ)k ∈ Uk\Uk

L,

(3.3)

δij(Bk
τρ) =


δk
ij(τ, ρ), k ∈ K0(i, j)

, (i, j) ∈ U0, (τ, ρ)k ∈ Uk \ Uk
L, k ∈ K,

0, k 6∈ K0(i, j)

(3.4) βp = Ap −
∑
k∈K

∑
(τ,ρ)k∈Uk

N

Λkp
τρx

k
τρ, p = 1, q,

(3.5) βq+ξ(i,j) = Aij −
∑
k∈K

∑
(τ,ρ)k∈Uk

N

δij(Bk
τρ)x

k
τρ, (i, j) ∈ U0,

(3.6) Ap = αp −
∑
k∈K

∑
(i,j)k∈Uk

L

λkp
ij x̃

k
ij , p = 1, q ,

(3.7) Aij = zij −
∑

k∈K0(i,j),

(i,j)k∈Uk
L

x̃k
ij , (i, j) ∈ U0.

Finally, letting D−1 = (νl,s; l, s = 1, |UB |), using (2.3) and (3.1), as well as
formulas (3.2)-(3.7), we can determine the general solution of (1.1) - (1.3):

xk
τρ =

q∑
p=1

νt,pβp +
∑

(i,j)∈U0

νt,q+ξ(i,j)βq+ξ(i,j), t = t(τ, ρ)k, (τ, ρ)k ∈ Uk
B , k ∈ K,

xk
ij =

∑
(τ,ρ)k∈Uk

N

xk
τρδ

k
ij(τ, ρ) + ψk

ij + x̃k
ij , (i, j)k ∈ Uk

L, k ∈ K,

xk
τρ ∈ R , (τ, ρ)k ∈ Uk

N , ψ
k
ij =

∑
(τ,ρ)k∈Uk

B

xk
τρδ

k
ij(τ, ρ).
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